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Trend to Equilibrium for the Becker-Doring Equations: An Analogue of 

Cercignani’s Conjecture 

JOSE A. CANIZO, AMIT EINAV, AND BERTRAND LODS 


Abstract. In this work we investigate the rate of convergence to equilibrium for sub- 
critical solutions to the Becker-Doring equations with physically relevant coagulation 
and fragmentation coefficients and mild assumptions on the given initial data. Using 
a discrete version of the log-Sobolev inequality with weights we show that in the case 
where the coagulation coefficient grows linearly and the detailed balance coefficients 
are of typical form, one can obtain a linear functional inequality for the dissipation of 
the relative free energy. This results in showing Cercignani’s conjecture for the Becker- 
Doring equations and consequently in an exponential rate of convergence to equilibrium. 

We also show that for all other typical cases one can obtain an ’almost’ Cercignani’s 
conjecture that results in an algebraic rate of convergence to equilibrium. Additionally, 
we show that if one assumes an exponential moment condition one can recover Jabin 
and Niethammer’s rate of decay to equilibrium, i.e. an exponential to some fractional 
power of t. 
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1.1. The Becker-Doring Equations. The Becker-Doring equations are a fundamental 
set of equations which describe the kinetics of a first order phase transition. Amongst 
the phenomena to which it applies one can find crystallisation, vapour condensation, 
aggregation of lipids and phase separations in alloys (see for instance [27, 22]). 

The Becker-Doring equations give the time evolution of the size distribution of clusters 
of a certain substance. Denoting by the density of clusters of size i at time 

t ^ 0 (i.e. the density of clusters that are composed of i particles), the equations read 


(l.la) 


(1.1b) 


where 


(1.2) 

W,{t) := 


lT,_i(t)-B7(f), ^eN\{l}, 

cx> 

-Vhi(t)-5^1Tfc(t), 

k=l 


tti Ci{t)ci(t) - bi+i i e N. 


and ai,bi, assumed to be strictly positive, are the coagulation and fragmentation coeffi¬ 
cients. They determine the rate at which clusters of size i combine with clusters of size 
1 to create a cluster of size i + 1, or clusters of size i + 1 break into clusters of size i and 
1. This corresponds to the basic assumption of the underlying model: if we represent 
symbolically by {*} the species of clusters of size i, then the only (relevant) chemical 
reactions that take place are 

{*} + {1} ^ + !}• 

The quantity Wi{t) defined in (1.2) represents the net rate of the reaction {z} 

{i -|- 1}, and under the above set of equations it is easy to see that the density, or mass, 
of the solution, dehned by 

OO OO 

(1.3) ^ •= X] *d(0) = ^ ici{t) 

i=\ i=\ 

is conserved under the Becker-Doring evolution. The original equations proposed by 
Becker and Doring [5] were similar to (1.1), with the slight change that the density of 
one particle Ci, usually called the monomer density, was assumed to be constant. The 
current version, motivated by the conservation of total density, was first discussed in [7] 
and [25] and is widely used in classical nucleation theory. For more information about 
the physical background and applications of the equations we refer the interested reader 
to the aforementioned works as well as the recent reviews [27, 22]. 

Much like in other kinetic equations, the study of a state of equilibrium and the con¬ 
vergence to it is a fundamental question in the study of the Becker-Doring equations. 
Defining the detailed balance coefficients Qi recursively by 

(1.4) Qi = l, Q*+i = 7^g. zeN 

Oi+l 

one can see that for a given z ^ 0 the sequence 

(1.5) Ci = Qiz" 

is formally an equilibrium of (1.1). However, depending on the coagulation and fragmen¬ 
tation coefficients a* and bi, many of these formal equilibria do not have a finite mass. 
The largest ^ 0, possibly = -fcxo, for which 

CX) 

zQjZ* < -l-cxo for all 0 ^ z < Zs 

i=\ 


2 



is called the critical monomer density, or sometimes the monomer saturation density. 
The critical mass (or, again, saturation mass) is then dehned by 

CX) 

(1.6) Qs := y^JQjZl G [0,+oo]. 

i=l 

It is important to note that both Zg and Qs are uniquely determined by Oj and 6 * and 
that is a hnite-mass equilibrium only for 0 ^ < Zg, with the possibility for 

the equality z = Zg only when Qg < +oo. Additionally, it is easy to see that for a given 
hnite mass g ^ Qg there exists a unique z ^ 0 such that 

OO 

g = y^jQiz\ 

i=l 

giving us a candidate for the asymptotic equilibrium state of ( 1 . 1 ) under a given initial 
data. These are in fact the only hnite-mass equilibria (see [3]), and T dehned above is 
called the equilibrium monomer density for a given mass p. 

A hnite mass equilibrium is called subcritical when its mass g, is strictly less than gg. 
It is called critical ii g = gg and supercritical ii g > gg, assuming < -|-oo. In this 
paper we will only concern ourselves with subcritical solutions. Thus, to avoid triviality 
we always assume that > 0 . 

The critical density gg, if hnite, marks a change in the behaviour of equilibrium states: 
if p < Ps then a unique equilibrium state with mass p exists, while if p > p^ no such 
equilibrium can occur and a phase transition phenomenon takes place — rehected in the 
fact that the excess density p — Ps is concentrated in larger and larger clusters as time 
progresses. 


1.2. Typical CoefRcients. Physically motivated coagulation and fragmentation coeffi¬ 
cients are often given by 

(1.7) Oi = ri, hi = Qi , ieN, 

for some 0 < 7 ^ 1, 2 ;<j > 0, p > 0 and 0 < p < 1 (see [23, 21] for details and concrete 
examples). 

A diherent kind of reasoning, based on a statistical mechanics argument involving the 
binding energy of clusters, results in the coefficients 


(1.8) 


li = ri, bi = Zg{i — 1)'*' exp (crz^ — a{i — 1)^), i G N, 


for appropriate constants j,p and a (see for instance [10, 16, 19, 20]). The behaviour of 

(1.7) and (1.8) is similar: for both of them we can write (by dehnition of Qi) 


(1.9) 


0x02 . . . tti-i ^_i 

Qi = - r~ = 


62^3 ■■■h 

where is non-increasing and satishes 


lim ^ = 1 . 

i^oo OLi 


Our results are valid for both types of coefficients (1.8) and (1.7), which are often used 
in the literature and cover a large range of applicable cases. 
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1.3. Previous Results. Let us briefly review existing results on the mathematical the¬ 
ory of the Becker-Doring equations, which has advanced much since the hrst rigorous 
works on the topic [3, 1]. In [3] the authors showed existence and uniqueness of a global 
solution to (1.1) when 

CX> 

(1.10) Qi ^ Cii, h ^ C 2 i, y^i^Ci(O) < -hc»o, 

i=l 

for some constants Ci,C 2 > 0. As expected, under the above assumptions the unique 
solution conserves mass (this is, (1.3) holds rigorously). This basic existence theory is 
applicable to all solutions we consider in this work. 

The asymptotic behaviour of solutions to (1.1) is one of the most interesting aspects of 
the equation. Supercritical behaviour, while not dealt with in this work, has a particularly 
interesting link to late-stage coarsening and has been studied extensively in [24, 28, 13, 21]. 
Asymptotic approximations of such solutions have been developed in [19, 15, 16]. 

Regarding the subcritical regime, it was proved in [3, 1] that solutions with subcritical 
mass g approach the unique equilibrium with this mass (determined by (1.3)). A fun¬ 
damental quantity in understanding this approach is the free energy, H{c), defined (at 
least formally) for any sequence c = by 

OO / 

(1.11) H{c) := Ci ( log ^ - 1 

i=i V Vi 

It can be shown that H{c{t)) decreases along solutions c = c{t) to the Becker-Doring 
equations; in fact, for a (strictly positive, suitably decaying for large i) solution c(t) = 

{ci(^)}i6N of (f-f) ^0 



(1.12) = -D(c{t)) 




i=l 


C±Ci 


Q +1 


Qi Qi^l 


log 


CiQ 




This free energy is motivated by physical considerations and constitutes a Lyapunov 
functional for our equation. Since it does not have a dehnite sign we dehne a more 
natural candidate to measure the distance of c(f) = to the equilibrium. Using 

the notation 

(Q.), = Qiz^ 

and denoting by Q = Qz, we can define the relative free energy as 


OO / \ OO OO OO 

(1.13) H{c\Q) ■= (log=^ “ f ) + ~ logT^zCi 

1 V ^ / • 1 -I -1 

The relative free energy has the same time derivative as the free energy, and thus the 
same monotonicity property 

^ff(c(i)|S) = -B(c(«)) Vi SO, 

where the free energy dissipation D is defined in (1.12). The relative free energy also 
satisfies 
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(1.14) 


H{c\Q) ^ 0, as can be seen by writing 


H{c\a) = f^Q.^ (l-V 

i=l ^ ^ 


with (^(r) : = 


r log r — r + 1 ^ 0 


• H{c\Q) = 0 if and only if Ci = Qi = QiZ^ for any i G N, which is readily seen 
from (1.14). 

This hints that H{c\Q) is the right distance to investigate. Indeed, while strictly speaking 
H{c\Q) is not a distance, it does control the distance between c and Q by the celebrated 
Csiszar-Kullback ineqnality^, which in our case translates to 

OO 

(1.15) \\c- g||£i(N) Iq - Qi\ ^ \/2qH{c\Q). 

i=l 


The issue of estimating the rate of convergence to equilibrium of subcritical solutions is 
the main concern of this paper. The hrst result in this direction was the work [17] by Jabin 
and Niethammer, where they investigated the possibility of applying the so-called entropy 
method to the Becker-Doring equation. This consists roughly in looking for functional 
inequalities between a suitable Lyapunov functional of the equation (generally called the 
entropy; it corresponds to the relative free energy in our case) and its dissipation, so that 
one obtains a differential inequality that estimates the rate of convergence to equilibrium. 
In the case of the Becker-Doring equation, it was proved in [17] that there exists a constant 
C* > 0, depending only on the hxed parameters of the problem and the initial data, such 
that 


(1.16) 


D(c) ^ C 


H{c\Q) 

{\ogH{c\Q)f^ 


for all nonnegative sequences c with subcritical mass p, satisfying e ^ Ci ^ Zg — e for 
some e > 0 and 

OO 

^ = M“P < +CX). 

The constant C depends on e and This result applies under resonable conditions 

on the coefficients a* and bp, in particular, it applies to the coefficients (1.7) and (1.8). If 
we consider now a solution c = c{t) to (1.1), we may apply the inequality (1.16) to c{t) 
as long as c(t) satishes the appropriate conditions, obtaining 




-D{c{t)) ^ -C 


H{c{t)\Q) 

{log H{cit)\Q)f' 


Adding to this some additional considerations for the times t for which the inequality 
(1.16) is not applicable to c{t), one can deduce that H{c{t)\Q is (essentially) bounded 
above by the solution of the above differential inequality, namely that 


H{c{t)\Q) ^ H{c{0)\Q)e-^^^ 


for some K > 0. Using inequality (1.15), this gives an almost-exponential rate of conver¬ 
gence to equilibrium for subcritical solutions in the £^(M) norm. 

The question remained open of whether the convergence is in fact exponential or not. 
Recently this has been answered positively by two of the authors [10] through a different 
approach involving a detailed study of the spectrum of the linearisation of equation (1.1) 
around a subcritical equilibrium. This is an approach with a strong analogy to results 


^Sometimes called Pinsker or Kullback-Pinsker inequality. 
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in the theory of the Boltzmann equation; we refer to [29, 10] for more details on this 
parallel. The idea of the argument is to use the inequality (1.16) when one is far from 
equilibrium. Then, once we have reached a region which is close enough to equilibrium, 
the linearised regime is dominant and one can use the spectral study of the linearised 
operator in order to show that the convergence is in fact exponential. The outcome of 
this strategy is the following: for many interesting coefficients (including (1.7) and (1.8)), 
subcritical solutions c = c{t) to ( 1 . 1 ) with 

CX) 

e^*Cj( 0 ) := < +cx) for some /i > 0 

i=l 

satisfy that 

CX) 

\ciit) -Qi\^ Ce-^^ for f ^ 0 

for some 0 < /i' < /i, C* > 0 and A > 0 which depend on the parameters of the problem 
and on In fact, p and C only depend on the initial data c(0) through its mass 

and the value of A depends only on the coefficients and the initial mass and can 

be estimated explicitly. The value of A is bounded above by (and can be taken very close 
to) the size of the spectral gap of the linearised operator. Recently Murray and Pego [18] 
have used this spectral gap and developed the local estimates of the linearised operator 
in order to obtain convergence to equilibrium at a polynomial rate with milder conditions 
on the decay of the initial data. These results, like those in [10], are local in nature and 
require the use of some global estimate such as (1.16) in order to provide global rates of 
convergence to equilibrium. 

1.4. Main Results. Our main goal in this work is to complete the picture of conver¬ 
gence to equilibrium by investigating modihed and improved versions of the inequality 
(1.16). We show optimal inequalities and settle the question of whether full exponential 
convergence can be obtained through a linear inequality of the form 

D{c) ^ KH{c\Q). 

in some cases. In analogy to the Boltzmann equation, we refer to the question of whether 
such K exists along solutions to (1.1) as Cercignani’s conjecture for the Becker-Doring 
eguations. In fact, we show that under relatively mild conditions on the initial data, 
typical coagulation and fragmentation coefficients (such as (1.7) and (1.8)) admit an 
“almost” Cercignani conjecture for the energy dissipation, i.e. an inequality bounding 
below D{c) by a power of H{c\Q), yielding an explicit rate of convergence to equilibrium. 
Surprisingly, we also hnd a relevant case (a* ~ i for all i) for which the conjecture is 
actually valid. 

We will often require the following assumptions on the coagulation and fragmentation 
coefficients. Some of these are similar to those in [17], and always include coefficients 
of the form (1.7) and (1.8). We recall that we always assume aj, 6 j > 0 for all i G N, 
and that the detailed balance coefficients Qi were dehned in (1.4) — given a* one can 
determine bi through Qi, and vice versa. 

Hypothesis 1. 0 < z* < -|-cxo. 

Hypothesis 2. For all i E N, Qi = zl~^ai, where is a non-increasing positive 

seguence, cti > 0 and limj^oo = 1 ■ 
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Hypothesis 3. a* 


= 0{i^) for some 0 < 7 ^ 1 , i.e. there exist Ci, C 2 > 0 such that 
Cif ^ Oj ^ € 2 ^ for all i eN. 


In most of the estimates we obtain, a crucial role will be played by the lower free energy 
dissipation, D{c), dehned for a given non-negative sequence c by 


(1,17) 


D(^c^ ^ ^ ctiQi 

i=l 


CiCj 


Q^ 


Q+i 


Q^ 


i+l 


At this point one notices that the elementary inequality {x—y) (log x—log y) ^ [y/x — ^/y) ^ 
when x,y > 0 implies that 

D{c) > D{c) 

for any non-negative sequence c. Thus, any lower bound that is obtained for D{c) will 
transfer immediately to D{c). 


We now state our main result on general functional inequalities for the free energy dis¬ 
sipation, from which later we conclude a quantitative rate of convergence to equilibrium. 
It can be divided in two parts: functional inequalities when ci is not too small, nor is too 
far from z, and inequalities in the case where Ci escapes the above region. 


Theorem 1.1. Let satisfy Hypotheses 1-3 with 0 ^ 7 ^ 1 and let 

c = be an arbitrary positive sequence with finite total density 0 < p < Ps- 

(i) (Estimate for Oi ^ i.) Assume that 7 = 1 and that there exist h > 0 such that 

(1.18) 6 < Cl < Zs — S- 

Then there exists K > 0 depending only on S,Zs, g and such that 

(1.19) 'D{c)^ KH{c\Q). 


(a) (Estimate for a, ~ H with j < 1.) Assume that 0 ^ 7 < 1 and that ci satisfies 
(1.18) for some 5 > 0. If, in addition, there exists (3 > 1 with 

CO 

(1.20) = ''^i^Ci < -1-cx) 

i=l 

then there exists K > 0 depending only on 6, z^, g, M^{c) and such that 

(1.21) D{c) ^ KH{c\Q)^. 

(Hi) (Estimate for small Ci.) Assume that 7 = 1, or that 0 ^ 7 < 1 and (1.20) holds 
for some /3 > 1 . Assume also that for some h > 0 

Cl ^ (5 

or that 

Ci^ Zg — 6 

(i.e.. Cl is outside of the range given in (1.18)^). Then if 5 > is small enough 
(depending only on g and there exists e > 0 depending only on S, Zg, g and 

*/7 = 1 (and additionally on My{c) if j < 1) such that 

( 1 . 22 ) D{c) ^ e. 

The constants K and e can be estimated explicitly in all cases. 
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We point out that since z, z^, Qs, and {ttijigN are determined entirely by 

the coagulation and fragmentation coefficients and g, all constants in the above theorem 
depend only on g, the coefficients and the additional bounds S or M^. 

The case (i) of Theorem 1.1 is optimal in the following sense: 


Theorem 1.2. Call Xg the set of nonnegative sequences c 
such that = g). Then, there exist {aijjgN > 

with 7 < 1 such that 


mf^i^ 

W H{c\Q) 


= 0 . 


for any g < g^- 


= {cj}jgN with mass g (i.e., 
that satisfy Hypotheses 1-3 


Of course, this shows that a linear inequality as that of Theorem 1.1 (i) cannot hold if 
(Xi T< with 7 < 1. 

The idea behind the proof of Theorem 1.1 is to use a discrete logarithmic Sobolev 
inequality with weights, motivated by works of Bobkov and Gotze [ 6 ] and Barthe and 
Roberto [4], to show part (i). As the conditions for the validity of the log-Sobolev 
inequality are not satisfied under the conditions of part (ii), a simple interpolation is 
used to show the desired result in that case. Part (iii) is proved by two estimates: The 
case where Ci is too large follows an idea of Jabin and Niethammer, and is essentially 
stated already in [17], while the case where ci is too small seems to be a new result which 
we provide. 

From Theorem 1.1 one can conclude in a straightforward way the following theorem, 
our main result on the rate of convergence to equilibrium: 


Theorem 1.3. Let satisfy Hypotheses 1-3 with 0 ^ 7 ^ 1, and let 

c(t) = be a solution to the Becker-Doring equations with mass g G (0, p^). 

(i) (Rate for Oi ^ i.) 7 / 7=1 then there exists a constant K > 0 depending only 
on Zg, g and {ojjjgpj, and a constant G > 0 depending only on H{c{0)\Q), Zg, g and 

H{c{t)\Q) fort^O. 

(ii) (Rate for a* ~ G, 7 < 1.) 7 /7 < 1 and My{c{0)) < +cxo then there exists a 

constant K > 0 depending only on Zg,g,Mp and {oijjgpj, and a constant C > Q 
depending only on 77(c(0)|Q), Zg, g, My and such that 

H{c{t)\Q)!i -i fort^O. 

(c+^Kt)'-‘ 

The constants K and C can he estimated explicitly. 


As remarked above, the constants C and K above depend ultimately only on the 
coefficients a*, 7*, the initial mass p, and the moment My in the case (ii). 

There are some improvements in these theorems with respect to the existing theory. 
One of them is that they apply to more general initial conditions, removing the need for 
a finite exponential moment present in [17, 10]. Another one is that they answer the 
question of whether one can obtain a linear inequality such as (1.19) (i.e., whether the 
equivalent of Cercignani’s conjecture holds), making clear the link to discrete logarithmic 
Sobolev inequalities. Surprisingly, it does hold in the case Ui ~ i, which is physically 
relevant for example in modelling polymer chains [ 20 , 16]. As a result, the statement for 
Oj ~ i is quite strong: it gives full exponential convergence, with explicit constants in 
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terms of the parameters, with no restriction on the initial data except that of subcritical 
mass. Point (ii) in 1.3 also relaxes the requirements on the initial data, at the price of 
obtaining a slower convergence than that of [ 10 ]; we do not know whether this rate is 
optimal for initial conditions with polynomially decaying tails (so that Mg < oo for some 
/5 > 1 , but Mpi = +CX) for some jS' > (3). 

One may wonder if the method presented here can be used to reach an inequality like 
Jabin and Neithammer’s (1.16) under the additional condition of an exponential moment. 
The answer is provided in the following: 


Theorem 1.4. Let satisfy Hypothesis 1-3 with 0 ^ 7 < 1. Let c = 

arbitrary positive sequence with mass g E ( 0 , Qs) for which there exists 
fi > 0 such that 

OO 

(1.23) M“P(c) = <+ 00 . 

1 = 1 


Then: 


(i) (functional inequality.) There exist Ki, K 2 , £ > 0 depending only on Zs, g, 
and such that 


(1.24) 


D(c) ^ min 


/ K,Hic\Q) 


[ 


|l0g(/f2ff(c|S))| 


1-7 



Moreover, Ki , K 2 and e can be given explicitly. 

(ii) (rate of convergence.) If c{t) = {cft)}^^^ is a solution to the Becker-Doring 
equations with mass 0 < g < gg such that there exists /i > 0 with M®’^p(c(0)) < +cxo, 
then there exists a constant K > 0 depending only on Zg, p, M®^p(c(0)) and 
and a constant C > 0 depending only on H{c{0)\Q), Zg, g, M^^'p{c{ 0)) and {cKijjgp^ 
such that 

H{c{t)\Q) ^ 

Moreover, K and C can be given explicitly. 


1.5. Organisation of the Paper. The structure of the paper is as follows: In Section 
2 we will present our main technical tool, a discrete version of the log-Sobolev inequality 
with weights. Section 3 contains the proof of Theorem 1.1 and uses Section 2 to show 
the hrst part of the theorem. We also show in this section that this method is optimal 
and that Cercignani’s conjecture cannot hold when 7 < 1, proving Theorem 1.2 and 
explore the additional inequality that appears under the assumption of a hnite exponential 
moment. Section 4 deals with the consequences of our functional inequalities for the 
solutions to the Becker-Doring equation and contains the proof of Theorem 1.3 and part 
(ii) of Theorem 1.4. In Section 5 we briefly point out some consequences of our results 
for general coagulation and fragmentation equations and remark on the difficulties of 
obtaining stronger results in this general setting. Lastly, we conclude this work with 
Section 6 where we discuss a few hnal remarks, followed by appendices where we give 
proofs to some technical lemmas. 


2. A Discrete Weighted Logarithmic Sobolev Inequality 

The key ingredient in proving Cercignani’s conjecture for the Becker-Doring equations 
in the setting of Theorem 1.1 relies heavily on a discrete log-Sobolev inequality with 
weights. The theory presented here follows closely the work done by Bobkov and Gotze 
in [ 6 ], and that of Barthe and Roberto in [4], and can be seen as a simple discrete version 
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of the aforementioned papers. We will give a sketch of the proof here, and in Appendix A, 
for the sake of completion. The reader that is familiar with these works is advised to skip 
this subsection and see how we use the main result proved in it in the next subsection. 

Definition 2.1. We say that /x G P (N) if /x = is a non-negative sequence such 

that 

CX) 

h-i=1 • 

i=l 

For any non-negative sequence g = with 

CX) 

gtgi < +00 

we dehne its entropy with respect to ^x as 

CX) 

(2.1) Ent^(c;) = fngi log -. 

Definition 2.2. Given /x G P (N) and positive sequence ix = (not necessarily 

normalised) we say that ix admits a log-Sobolev inequality with respect to g with constant 
0 < A < -|-oo if for any sequence / = 

CX) 

(2.2) EnV(/2) ^ A jx, (/,+!-/,)% 

2=1 

where p = 

In what follows we will always assume that G P (M). Denoting by 

T(a;) = \x\ log (1 -|- |x|) 

the main theorem, and its simplified corollary, that we will prove in this subsection are: 


Theorem 2.3. The following two conditions are equivalent: 

(i) admits a log-Sobolev inequality with respect to g, with constant A. 
(a) For any m G N such that 


^ m—1 CX) 


max 


^ ^ Ti) ^ ^ Ti I ^ 

, 2=1 2=m+l 


we have that 


(2,3) 


Pi = sup 


Z-^i=l ui 


k:^m 




-1 


E OO 

i=k+l Ti 


< +CX). 


Moreover, if {ii) is valid then one can choose 
(2.4) A = 40(P2 + 4Pi), 


1 1 

where Po = — 


-1 

VEIliV. 


Corollary 2.4. The following two conditions are equivalent: 

(i) ly admits a log-Sobolev inequality with respect to g with constant A. 
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(a) For any m G N such that 


' m—1 


max 


^ ^ hi: 'y ^ hi I ^ 

, 2=1 2=m+l 


we have that 


(2,5) 


Di = sup I - ^ Pi log I ^ p. 

i=k-\-l \i=k-\-l 


k'^m 


. 2 = 1 


Moreover, if (ii) is valid then one can choose 
(2.6) A = 120(^2 + 4Di) 

where D 2 = (- hi log {T.TJ 1 hi)) (T.T=i 

Remark 2.5. One can clearly see that if 


^rr ^—1 1 
= 1 Vi 


< 00. 


sup - h* log - < 


(X) 


k^l 


i=k-\-l 


\i=k-\-l 


s 2=1 


then one has a log-Sobolev ineqnality of u with respect to ^i. However, the introdnction 
of the ’approximate median ’m allows us to have an explicit estimation on the log-Sobolev 
constant A. 


The rest of the subsection is dedicated to the proof of the above theorem and corollary. 
Definition 2.6. Let pi E P (N). Given a sequence / = we dehne 

(2.7) C{f) = sup Ent^ ((/ + af) 

oSM 

where f + a = {fi + 

Lemma 2.7. For any sequence f , we have 

00 

(2.8) Ent^(/2) ^ £(/) ^ + 2 ^ 

2=1 

Remark 2.8. This Lemma is an adaptation of the appropriate Lemma in [26]. We leave 
the proof of it to Appendix A. 


The next step in our path is to recast the log-Sobolev inequality as a Poincare inequality 
in the Orlicz space associated to T. 


Definition 2.9. Given /j, G P (N) and a Young Function, S : [0,-|-cx)) —?■ [0,-|-cx)), i.e. a 
convex function such that 


E(i) , , E(x) , 

- —y -f-oo, - —y 

X x^+oo X 


we dehne the Orlicz space 
with 


as the space of all sequences 

CX) 

5^p.e 


2 = 1 


m 

k 


< 00 . 


f such that there exists A: > 0 


In that case we dehne 
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In what follows we will drop the superscript /x from the Orlitz space of and its norm. 
Additionally we denote by $(x) = and notice that: 

(2.9) 








iL 


Theorem 2.10. The following conditions are equivalent: 

(i) r' admits a log-Sobolev inequality with respect to /x with constant A. 
(a) For any sequence f 


( 2 . 10 ) 

i=l 


(Hi) For any sequence f 

OO 

i=l 

where (/) = 

Moreover, if (i) or (n) are valid one can choose A = |A. If (Hi) is valid one can choose 
A = 5A. 


The proof of the theorem relies on the following proposition; 


Proposition 2.11. For any sequence f one has that 

(2.12) |ll/-(/)llL<2;(/)=S5||/-(/)||i, 

Proof. We start by noticing that we may assume that (/) = 0 as well as || / — (/) = 1. 

This is true as C is invariant under translations and 


Ent^(a/) = Q;Ent^(/). 

Using Lemma 2.7, we hnd that 

OO OO OO 

£(/) ^ Ent^(/2) + 2 ^ /ii/2 = ^if") log {f() + 2 ^ 


i=l 

OO 


2=1 


2=1 


Y Tifi 


. 2=1 


. 2=1 




2=1 


, 2=1 


where h{x) = 2x — xloga: for x > 0. As h is an increasing function on [0, e] and 



(see Lemma A.2 in Appendix A) we have that 

ii/iii^ ^2. 

Thus, as 

OO OO / n \ 
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we find that 


£(/) ^ 1 +/i(2) ^ 5, 

proving the right hand side inequality of (2.12). To show the left hand side inequality we 
assume that C{f) = 2. By the dehnition of C and the fact that 

11/ - {f)\\l 2 = I lim Ent^ ((/ + a)^) 

^ A |a|^oo 


(see Lemma A.3 in Appendix A) we know that 

wfw'U «= 1 - 

This implies that 

CXD CXD 

^/Xi$(/i) < l + ^/Xi/^log/i^ = l + EnV(/2) + ||/||2,log(^||/||2^j 
i=l i=l 

^ ! + £(/) =3, 

where we have used the fact that x log (1 + x) ^ 1 + x log x when x > 0. 

Since for any 1, = ^logfl + ^j ^ ^<h(x), the above implies that 


hi® 

i=l 



^ 1 


and as such, by the dehnition of we conclude that 

and the proof is complete. 


□ 


Proof of Theorem 2.10. The equivalence of {ii) and {Hi) is immediate following Proposi¬ 
tion 2.11, which also proves the desired connection between A and A. To show that (z) 
implies {ii) we notice that as the right hand side of (2.2) is invariant under translation. 
Taking the supremum over all possible translations results in {ii). The fact that {ii) 
implies (z) is immediate as 

Ent^{f) ^C{f). 

□ 


This observation that the log-Sobolev inequality with weights is actually a form of a 
Poincare inequality brings to mind another inequality with weights that is closely con¬ 
nected to the Poincare inequality - Hardy inequality. In its discrete form, we have that 

Theorem 2.12. Let and v two sequences of positive numbers and let m eN. Then, 
the following two conditions are equivalent: 

(i) There exists a finite constant Ai^m ^ 0 such that 

oo / * \ ^ °° 

i=m \j=m / i=m 

for any sequence f. 

(ii) The following holds: 

= sup 

k^m 




< oo. 


i=k 
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Moreover, if any of the eonditions holds than Bi ^ ^ ^ 

The proof for the case m = 1 can be found in [10], and the general case follows by the 
same method of proof. 


= 


Corollary 2.13. Let 

OO 

\i=k-\-l 

Then for any sequence f such that /„, = 0 we have that 

OO CO 


sup 

k^m 


tv, 

i=m 


(2.13) 




if and only if Bm < oo. In that case Bm^ Additionally, 

Bl,m ^ ^ -Bpm+l- 

Proof. This follows immediately form Theorem 2.12 applied to the sequence Qi = fi+i — fi 
and a simple translation argument. □ 

Besides the above, we will also need to have a Hardy-type inequality for sums up to a 
hxed integer m. 

Theorem 2.14. Let /x and v two sequences of positive numbers and let m G M. Then, 
for any sequence f such that /^ = 0 we have that if there exists H > 0 such that 

m—1 m—1 

(2.14) ^ (-.y S 21 ^ I'i (/m -/y , 


2=1 


2=1 


then 62 ,m ^ A where 

b2,m = sup I 

Moreover, one can always choose 


k^m—1 • 1 

^ 2=1 


m—1 


Uj 

]=k ^ . 


m—1 /m—1 


A B2^m hi I 


2=1 


■ 


Proof. We start by noticing that for any l^z^m — Iwe have that 


f! = 


m—1 


E (A+i - A 


LJ=^ 


' m—1 


< 


< 


' m—1 


E - E "1 (*« - A 


• • ^3 

j=t J 

^ m—1 


. 3=^ 
^ m—1 


E V) IE "j (A+i - fi 

i=i 


^ ^3 


Thus 

m—1 


El*-/? 




2 = 1 


’m—1 /m—1 

E/^. E^ 


2=1 


■ ^3 


^ m—1 

^3 (fj+i - fj 


m—1 

B2,m ^3 (/j'+l ~ fj) ) 

i=i 


completing the second statement. Next, for any j ^ m — 1 we denote by 






Fix A: ^ m — 1 and define to be such that = au when i and 
i > k. We have that 


m—1 


m—1 


m—1 


E'^-(/£!-/F) =E''‘(/£!-/F) =E 

2=1 i=k i=k 




= CTfc. 


CTj when 


On the other hand 

m—1 9 9 / ^ 

E^.(/F) >E^‘-(/F) =-2 e^*. 

i=l i=l \i=l 

As (2.14) is valid we see that A ^ This completes the 

proof. □ 

As we can see, the expression for the constants Bm and are starting to look similar 
to the expression appearing in {ii) of Theorem 2.3. However, we still need a few more 
technicalities to complete the proof. 



Theorem 2.15. The following conditions are equivalent: 

(i) v admits a log-Sobolev inequality with respect to pi with constant A. 

(ii) There exists rj > 0 such that, for any sequence f = {/j} such that fm 
m G N satisfying 

“ \ 2 
max I 2^ /i*, 2^ < 3 

\ 2=1 2 =m+l / 

we have that 



+ 



ifi+i - fif , 


where = flicm and 

Moreover, if condition (ii) is valid one can choose A = 40p. 


0 with 


Proof. Using Theorem 2.10 we notice that it is enough for us to show the equivalence of 
conditions {ii) of our theorem and that of Theorem 2.10. 

Assume, to begin with, that {ii) of Theorem 2.10 is valid. As was shown in the 
aforementioned theorem, this implies that 

( 2 . 18 ) ll/-(/)llL< yE'^'(/'+■-/‘ t- 

2=1 

Due to the conditions on / and the dehnition of and one has that 


^|(/(°))|^||/ 


( 0)1 


PI 


m—1 






1 ( 1)1 


PI 


\ 


CO 

2=7n+l 


ll(/'‘’>L. < l(/'‘’)| < l|/‘ 

(see Lemma A.4 in Appendix A). Thus 

< 11/'“’ - (/'”’>IL. + ll(/‘“’)L. < 11/'“’ - </'“’>IL. + 


m—1 


\ ^ i=l 
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implying that 


and similarly 


1 / 


( 0)1 




1 


|J(0)_(_^(0)) 


wnL^ 


II* ’ 




|/(1)_(J{1) 


We can conclude, by applying (2.15) to and that 

m—1 

{fi+i - fif 




3A 


2=1 


2(i-v/iEr=7h*^ 

and ^ 


3A 


2 




The result now follows from (2.9). 

To show the converse, we use the translation invariance of {ii) from Theorem 2.10 to 
assume that fm = 0. As such we have that / = + /d). Moreover, 


11/ - (/)iiL ^ (l|/^°^ - - if^YL} 


^ 1 + 


11/ 



(hi 


1 


^21 


^ 2p max 




’P + V? 






Y *^/+i “ 


i=m+l 


/ 


2=1 


where we again used (2.9). This shows the desired result due to Theorem 2.10. 

We have hnally gained all the tools we need to prove Theorem 2.3. 

Proof of Theorem 2.3. Our main tool will be Theorem 2.15. It is known that 


□ 


\f 


\ L-i^i 


= sup <; ^ ; Y Ti-{9i) ^ 1 

2=1 2=1 

where S is the Young complement of T. Using Corollary 2.13 we know that if /m = 0 
then 

OO OO 

\2 


Y ^*/^^* (/+! “ /)' 


if and only if 


5 = sup I Y 9iTi 

\i=k-\-l 


k^m 




< OO. 
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Taking supremum over all appropriate g = {gi}, we find that 

OO 

(2.16) 

i=m 

if and only if 


S = SUp||l[fc+l,^)|l^^^- < 


k>m 


Vi 

1=1 


OO. 


As 


1 




inf < UjT ^ 1 I = inf IT 


< 


Eoo 

i=k+l h* 


1 




-1 


E oo 

i=k + l Mi , 

we find that (2.16) is equivalent to Bi < oo, showing that (i) implies {ii) 
Conversely, using Theorem 2.14 we hnd that if /^ = 0 then 


m—1 


hi/, 


2 
i bJi 


2=1 


9i < 


< 


m—1 


' m—1 


■ ^3 

j=i J 


I 

'm—1 

. ^=1 


m—1 


ifi+i - fiY 


2=1 


m—1 ^ 


m—1 


Y - fiY 


2=1 


and again, by taking supremum over the appropriate g, we hnd that 


m—1 


(2.17) 


(/i+i - f,y 


2=1 


Thus, if / = {fi} is a sequence such that fm = 0, and if in addition 5i < oo we have 
that 

m—1 oo 

\2 




Lq/ 


+ 


(/“>) « B, W "i (/.+! -f‘f + 4Bi T(/i+i - 0 

L\^ 


2 = 1 


^(S2+4i?i) 5;]//,(/,+!-/,)', 


2=1 

where we have used Corollary 2.13. We conclude, using Theorem 2.15, that if Si < oo 
then u admits a log-Sobolev inequality with respect to g with constant A that can be 
chosen to be A = 40(Si + 4 S 2 ). □ 

We are only left with the proof of Corollary 2.4. The proof relies on the following 
technical lemma, whose proof is left to Appendix A: 

Lemma 2.16. For any t ^ | one has that 

If . , , t 

^ ^~^{t) ^ 2- 


3 log t log t 

Proof of Corollary 2 . 4 . Due to the choice of m and Lemma 2.16 we know that \I/“^(f) 
and are equivalent for our choice of 

1 


t = 


E OO 

2=772+1 
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This shows the desired equivalence using Theorem 2.3. As for the last estimation, it 
follows immediately from the fact that 

B, ^ 3Di, 

for i = 1,2. □ 

Now that we have achieved a necessary and sufficient condition to the validity of a 
discrete log-Sobolev inequality with weight, we will proceed to see how it can be used to 
prove Theorem 1.1. 


3. Energy Dissipation Inequalities 


3.1. Cercignani’s Conjecture for the Becker-Doring equations. Motivated by our 
previous section, the first step in trying to show the validity of Cercignani’s conjecture 
would be to connect between the energy dissipation, D{c), and a term that resembles the 
right hand side of (2.2). Recall that, for any non-negative sequence c = {cj} we defined 


CX) / 

D{c) = ^aiQi ( ^ 
i=i V V* 


C+i \ 

Qi+1 / 



- log 


C+1 A 
Qi+1 ) 


and 

We have the following properties: 



2 


Lemma 3.1. For any non-negative sequence c, the following holds 
(i) We have that 

(3.1) D(c) ^ D(c) 

(a) For any z > 0 we have that 


(3,2) 


and 


(3.3) 


i=\ 

log ( 


D(c) = 5^a,(Q,),(Q,), 


Q+1 

Ci+l 


- log 


(Q.). 


i+l 


CiCi 


Proof, (i) is an immediate consequence of the inequality 


Ci+l 


(Q. 


'i+l 


(x-y) (log x - log ?/) ^ {Vx-^/vY 

and {ii) is immediate from the definition of Qz and the homogeneous nature of the 
expressions involved. □ 


We note that property {ii) of the above lemma gives an indication of how we may 
be able to find a connection between D{c) and H{c\Q). However, Q is not the only 
equilibrium state we need to consider. Similar to the work of Jabin and Niethammer 
([17]), another ’equilibrium’ state that will play an important role in what is to follow is 

Q = Qci. 
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Indeed, it is the only possible ’equilibrium’ under which the right hand side of (3.3) 
attains a form that is suitable for the log-Sobolev theory we developed. From (3.3) we 
hnd that 


(3.4) 


oo / I - I -\ ; 


i=l 


Proposition 3.2. For given coagulation and detailed balance coefficients, 

and a given positive seguence c with finite mass g, we define the following measures 


(3.5) 




Q^ 


Pi := 


^2 Qi 




i e M. 


Then, if u admits a log-Sobolev ineguality with respect to /x with constant A we have that 

Cf 


(3.6) 


D(c)^ 


A 4 c? + 2(E“iq) E,=1 Q 


H(cjQ) 


Proof. Denote by fi = Because u admits a log-Sobolev inequality with respect to 

pL with constant A we have that 


(3.7) 


D{c) = E“-afii E (/‘+i - si'>‘ ^ 


. ^=1 


2=1 


~K 


Ent^ [f) . 


Next, we notice that 


(3.8) ( 4 j Ent^(/2) = Q log ^ 4 

, 2=1 / 2=1 \ 2 = 1 / \ 2=1 2=1 

oo CO /co\/co oo 

H{c\Q) + X] Ci - ^ 4 - I Ci I j log ^ Ci - log ^ 4 

\i=i / \ i=i i=i 

■"““-(sddS:)' 


2=1 2=1 


where A(x) = xlogx — x -|- 1. Using the fact that 
(3.9) H{c\Q) ^ H{c\Q) 

(see Lemma B.l in Appendix B) and the following Csiszar-Kullback inequality 

1 f °° 

(3-10) Ent^(/2) ^ f ^ 1/2 - 



if) 

2 = 1 
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where 










we find that in onr particular setting 


EnV(/2) ^ 


E.=i 4 

2e::ic. 

c- 

2E”iS. Vhi 


E 

i=l 

CO 

E 


a (E”i c. 


S-a (2».a 

Q Qi 


\ 




and keeping only the hrst term in the last sum we get 


Ent^(/2) ^ 


E CO 

i=l 

2E.E2, 


Cl 


Qi 


TZ.c. 


E CO 

i=l 


2 E.Ec.E“i Q. 


E“i Q. 


Continuing from (3.8) and using (3.9), the above inequality and the fact that 

A(a;) ^ (x — 1)^ 

we hud that 

CXD \ / ^ \ / \ ^ 

E4)EnUP)>.(e|S)-(i:4)(g^-l) 


>H{c\Q)-^lj2Qi] EntE/=) 


-1 \ 


2=1 


. 2=1 


Thus, 


H(c|Q)< Xia i + ;s Ea E=- E“n(C. 


. 2=1 


. ^=1 


, 2=1 


Combining the above with (3.7) completes the proof. 


□ 


Corollary 3.3. Under the conditions of Proposition 3.2 and the additional assumption 
that Q < Qs < +00 and Ci < Zg we have that 


(3.11) 


D(6) ^ 


2^2 


aiz;ci 


A {zg + Qg) (z^ + 2g(zg + gg)) 


H(cjQ) 


Proof. This follows immediately from (3.6) and the following estimates 

CX) CX) / ^ OO \ / \ 

Ea = EacUci i + -Ea^: <ci(i + -) 

i=l i=l V i=2 ) V 

CX) CX) 

iCj = g 

2=1 2=1 

together with E^i ^ OiCi. □ 

Corollary 3.3 shows us that as long as Ci is bounded from below, Cercignani’s conjecture 
will follow immediately form a log-Sobolev inequality for u with respect to /r, dehned in 
Proposition 3.2. Our next Proposition will show that it is true, in a specihc setting. 


Proposition 3.4. Let satisfy Hypothesis 1-3 with 7=1 and let c = 

{cj}jgj^ be an arbitrary positive sequence with finite total density g < gg < + 00 . Assume 
that there exists h > 0 such that 























Then, the measure u admits a log-Sobolev inequality with respect to the measure /x with 
constant 


(3.12) 


A = 120 


. 2e[z + 5) 

+ ( 1 H-sup 




3 ( 2 ; + (5) 


e {zs- z- 5)3 


log a 


k+i 

4+1 


e{z + 5) 

+ ^-^log 


Zs — z — 6 


where and u were defined in Proposition 3.2 and 


C{r]) = 1 + sup ( /c ( 1 + log ' - ^ ^ ^ 


k^3 


2r] 


for rj < 1. 


Proof. As mentioned in the introduction to our work, we can assume without loss of 
generality that a* = i. We may also assume that cti, from Hypothesis 2, equals 1. We 
denote by 

Cl z +8 

7] = — ^ - = r]i < 1. 


•'S 


As 

Qi = aizl~'-c\ = Zsaip'- 
we hud that due to the monotonicity of 


i=k-\-l 


Zsak+ip'"""^ = Qk+i ^ ^ Qi ^ ^ ai+kr]" ^ ^ 

i=l 


,fc+l 


1 — p 


As such 


implying that 
(3.13) 

i=k-\-l 

Next, we notice that as 


one has that 


E Tj^ 

hi < C^k+iz -, 

1 — ?7 


/^i log ^ 


\i=k-\-l 


i=k-\-l 


ak+iV 

1 — p 


k log 


(S 


log(afc+i(l -h)) • 




2=1 


(1-2/)^’ 


Zsh ^ '^iaiZsp'- = ^aiQi ^ ^ 

i=l i=l 1 

from which we hnd that 

iafil - pfp'~^ ^ r'i ^ iaip"~^. 

We notice that for A; ^ 3 the monotonicity of {aijjgp^ implies that 

W'E-fA'^i+i:— 


— xa. \p 


2=1 


XOii 
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fc-1 7 [ 2 J 7 fc-1 , [ 2 J 7 CXO 

2=1 L 2 J 7 = 1 


2 = 1 


2 = 1 


^ 1 + A: ( 1 + log 


k\\ I 2 r]i 
Vi + 


, 2 ;/ 1-^1 

Using the definition of C{rj) and the fact that C{r]) > 1 + we find that for all /c G N 

k 


kakrf ^ 


2 = 1 


lOti \r] 


^ C{vi). 


and as such 

(3.14) 


2 = 1 


7 ] 


(1 - riY kak \r] 
Combining the above with (3.13) yields the bound 




i=k+l 

«fc+i v 


i=k+l 


Si 


Ok 

Thus, with the notation of Corollary 2.4 




k + 1 


n X 3 1 sup (-r/log(?7))+ ?7isup 

(f ~ \0sgxsgl k k 


< 


CiVi) fl , . 

--^ - + 2 ? 7 i sup 

( 1 - 771)3 Ve k 


fc + 1 


log ( «fc+l 


log 


+ Vi log 


+ Vi log 
1 


1 - ?7i 


, 1 - . 

As m, defined in Corollary 2.4, is always finite we conclude using the same Corollary that 
1 / admits a log-Sobolev inequality with respect to /.a. However, in order to estimate the 
constant A we still need to estimate the constant D 2 in the case where m > 1 (otherwise, 
£>2 = 0 ). 

Since 

CX> 

ar 


^ 1 — rj 


the requirement that YlT=i < f implies that 

1 


om— 1 


< 


OLr, 


3 3 


am-iT" " «m-i (1 - rj) (1 - ??) ’ 

Using the above along with the fact that ttt. > 1 and inequality (3.14) shows that 

m—1 


^ 3C(77i 


Til 1 ^ ^ 

^ 3 ( 7 ( 771 ' 


2=1 


We can conclude that 


(1 — 771)3 777 —1 


^ m—1 


(1 - 71 )^' 


£ilog £7 ^ 3 sup (-xloga:)( 7 ( 77 i)-— 


7i 


2=m—1 




. i=l 
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(1 - mV 


(3.15) 






















from which we conclude that 


which completes the proof, as the result follows directly from Corollary 2.4. □ 

We dually have all the tools to prove part (i) of Theorem 1.1: 

Proof of part (i) of Theorem 1.1. The result follows immediately from Corollary 3.3, Propo¬ 
sition 3.4 and condition (1.18). □ 

The last part of this section will be devoted to the proof of part (ii) of Theorem 1.1. 
For that we will need the following lemma: 

Lemma 3.5. For any /3 ^ 0, any non-negative sequence c and positive sequence 
it holds that 


(3,16) 




i=l 


C\Ci 


Qi 


c+i \ 

Qi+l ) 


^ 2 Cl -|- sup 


Qi ^ ■/? 


j Qj+i J 


Proof. The proof is a direct result of the inequality (a -|- 6 )^ ^ 2(a^ -|- 


oo / I - I -\ 2 oo oo 

(\f^~ \l7^^ 


i=l 


■B Qi 


Qi-\-l / 


2 = 1 


2=1 


Q^ 


"Q+2 


2 + 1 




^ 2 ( Cl + sup 

j ^j+ij 




□ 


Proof of part (ii) of Theorem 1.1. We denote by D^c) the lower free energy dissipation 
of c associated to the coagulation coefdcient a* = P. According to part (i) of Theorem 
1 . 1 , there exists AT > 0 that depends only on d, Zg, Q and such that 

D^{c) ^ KH{c\Q). 

Using interpolation between 7 and (3 we dnd that 


(3.17) 


1— I 
)/3 —r 


1—7_ M . _1 


i:»i(c) ^ ^(c)T»f Be) ^ ^(c) Zs H-sup 


a,- 


1 -K 

/ 3-7 1-7 


j Clj+1, 

where we have used Lemma 3.5, the upper bound on ci and Hypothesis (2). Therefore 


(3,18) 


D(c) ^ D'yic) ^ 


ZgK 1 -^ 


1 —y 

P-1 


2 (z2 + sup. My ^ 


H{c\Q)^ 


and the proof is now complete. 


□ 


This concludes the part of the proof of Theorem 1.1 that relied on the log-Sobolev 
inequality. In the next subsection we will address the question of what happens when ci 
escapes its ’good region’, given by (1.18). 
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3.2. Energy Dissipation Estimate when ci is ’Far’ Prom Equilibrium. The goal 
of this subsection is to show that when ci is far from equilibrium, in the aforementioned 
sense, then while we may lose our desired inequality between D{c) and H{c\Q), the 
energy dissipation becomes uniformly large - forcing the free energy to decrease (and as 
a consequence, the distance between ci and z decreases as well). 

The next proposition, dealing with the case when ci is ’too large’, is an adaptation of 
a theorem from [17]. 


Proposition 3.6. Let be the coagulation and detailed balance coefficients 

for the Becker-Doring eguations. Assume that infj a* > 0 and 


lim 

2^00 


Qi+l 


1 


Let c = {ci} be a non-negative seguence with finite total density g < Qs- Then, if 


Cl > z 6 


for any 5 > 0, we have that 

D{c) > El, 

for a fixed constant Ei that depends only on ,z, Zg and 5. 


Proof. Without loss of generality we may assume that z -h d < Zg. Denoting by Ui 
we notice that 

CX) 

D{c) = ^ OiQi (Vci Ui - ^,/Ui+lf . 

i=l 

Let A < 1 be such that Aci = z + | and let io gN he the first index such that 

Xc\Ui. 


Cj 

Qi 


This index exists, else, for any z G M we have 

(3.19) Ui+i ^ \ciUi ^ (Aci)*ci 
and thus 

^ ZQ ^ Cl + Cl ^ iQi (Aci)*"^ ( z + ^ 

i=l 1=2 i=l ^ 

which is a contradiction. 

Due to the positivity of each term in the sum consisting of the lower free energy 
dissipation, we conclude that 

(3.20) Die) ^ (l - ^ (l - \/a)' 

where we have used the fact that up to zq — 1 we have inequality (3.19). 

As we know that there exists C > 0, depending only on ,z, Zg and 6 such that 

OO 

zci (Aci)*-' Q, ^ CQ,, (Aci)*° Cl 

i=io+l 

(see Lemma B.2 in Appendix B), we conclude that, using (3.19) again, 

io io 

CQio (Aci)*° ci^ g - '^iQi (Aci )*"^ci ^ g - y^jcj ^ g - g, 

i=l i=l 
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where g = '^Qi ^ ci. We can estimate the difference g — g as 


g- g^'^iQi 


i=l 






In conclusion, there exists a universal constant Ci > 0, depending only on , 2 :, Zg 

and 6, and not on zq, ci or A, such that 


Q,, (Acirci>Ci. 


Recalling (3.20) and using the fact that A = 


^+1 ^+1 


< 


we hnd that: 


D(c) ^ Cl ttig ^ Cl inf tti 

A 


Cl z + S 

(\/z + (5 - ijz + 




completing the proof. 


□ 


Next, we present a new lower bound estimation for the energy dissipation in the case 
where Ci is ’too small’. 

Lemma 3.7. Let , {Qjjjgj^ be the coagulation and detailed balance coefficients for 

the Becker-Doring eguations. Assume that 

Q = sup < +00 Q = inf < +00 
i Ci+1 * Ci+l 

a = sup — C < _|_oo a = inf — C < +c) 0 , 

i Q-i+l * ®i+l 

and let c be a non-negative seguence such that 

Cl < 6 

for some 5 > 0. Then, 

( CO \ _ _ / CO 

OiCi — affi I — Qa j ajC, 


Proof. Expanding the square, one has 


D{c) = Cl ^ OiCi + ^ Oi-^Ci+i - ^ ( 

i=i i=i 


Q^ 


2 = 1 




\/ QQ+1 


so that 

D(c) ^ Qa j OiCi I — 2y/ci\l Qa 
.1=2 


\ 


di Ci 


A 


CLjCi 


i=2 

^ QQl ( OiCj — ai6 


2^V 


GiCi 


. i=l 


. i=l 


which is the desired result. 


□ 
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Proposition 3.8. Let be the coagulation and detailed balance coefficients 

for the Becker-Doring eguations. Assume that 

Q = sup < +00 Q = inf < +C) 0 . 

Let c be a non-negative seguence with finite total density g. Then: 

(i) If Oi = i then there exists a hi > 0, depending only on Q,Q and g such that if 
Cl < (5i then 

_ Qg 

Die) S f. 

(a) If Ui = P for 7 < 1 and there exists fi > 1 such that My < +cxo, then there exists 
(5i > 0, depending only on Q, Q, g and My such that if ci < then 


D{c)^ 




Proof. Both (z) and {ii) will follow immediately from Lemma 3.7 and a suitable choice of 
(5i . Indeed, for (z) we notice that 


Qa j UiCi — affi j — 2'/S 


. 2=1 


a I ^ OiCi j = ^ (g - d) - 2\f5\fQg, 
. 2 = 1 


where we have used the notations of Lemma 3.7. As the above is less than ^ and 
converges to it as 6 goes to zero, we can hnd hi that satishes the desired result. 

For (zz) we notice that the following interpolation estimate 


p-i 


g = '^ici^ ( ^Pci 

i=l \i=l 

along with the fact that ^ Q implies that 

/ oo \ 

Qa j OiCi — affi j — 2\/h 
from which the result follows. 


{My)P--y 


a I ^ ^ ^ ^ - 2\/hy^p, 


. 2=1 


M, 


/ 3-1 


□ 


We are hnally ready to complete the proof of Theorem 1.1: 


Proof of part (hi) of Theorem 1.1. This follows immediately form Propositions 3.6 and 
3.8. □ 


Now that we have our general functional inequality at hand one may wonder how sharp 
is this method of using the log-Sobolev inequality? Perhaps we were too coarse in our 
estimation, and Cercignani’s conjecture is valid in the case Oj = P with 7 < 1 under the 
restrictions of Theorem 1.1. The answer, surprisingly, is that this method is optimal, as 
we shall see in the next subsection. 
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3.3. Optimality of the Results. This subsection is devoted to showing that unlike the 
case a* = i, the case a* = P when 7 < 1 admits no Cercignani’s Conjecture, even if ci is 
bounded appropriately. This is stated in Theorem 1.2. 


Proof of Theorem 1.2. We start by choosing a* = P, j < 1, and Qi = (z ^ 1) for 

some A ^ 0. We will show the desired result by constructing a family of non-negative 
sequences, with a hxed mass g such that 


D 

lim = 0 . 

H (ch)|Q) 


Let ^ > 0 be such that 


g . 


= > le^e = 


,A-e 


2 = 1 


(1 - e-«) 


2 • 


Consider the sequence given by 

cf) = + Al,e-"^ i G N 

where 0 < e is small and is chosen such that the mass of the sequence is g, i.e. 
As = |e^ (1 — . Next, as for any i ^ 1, we see that 

Qi+l 

= (1 - - ^e"^) > 0 

for e small enough depending only on A, f and g but not on i. Additionally, one can easily 
verify that 

QiPhP 




As such, setting ^ > 0 , we hnd that 


D(ci'>) = y]> 


Q 


* A^) JA 


Q 


-C'i+I - C 


log 


Qcl 


(e) 

'i+1 


(3.21) 


^ AsC^Bs,^ log 


Qi+ic["'^4"\ 

-A£e^R^,.^log ( e^” 


1 + 


A, 


As As ~ when e approaches zero, and Bs^-y is of order e (see Lemma B.3 


m 


Appendix B) we conclude that 


lim D = 0. 


£—^0 


Lastly, we turn our attention to the relative free energy. We start by denoting by ^ > 0 
the unique parameter for which 




2=1 


Clearly, f, < ^ and the associated equilibrium with mass p is Q* = e^e Since, for any 
hxed i ^ 1 , it holds 

lim 


£—^0 
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using Fatou’s lemma we can conclude that 

liimnf H \Q)^ H |Q) > 0 

as 7^ Q. 


□ 


Remark 3.9. We Notice the following: 

• In the example we provided Zs = < +oo but Qs = +oo. This, however, is not 

a great obstacle as all our proofs rely on some positive distance form Zs and Qs, 
and can be reformulated accordingly. 

• The constructed sequence satishes 

OO 

sup i^ = +00 


for any (3 > 1. Thus, the conclusion of part (ii) of Theorem 1.1 does not apply to 


it. Actually, one can easily check that lim^^o 


£)(c(g)) 

(r/(c(®)|S))“ 


0 for any s > 0. 


3.4. Inequalities with Exponential Moments. Up to now, we have avoided using 
exponential moments in any of our functional inequalities. In this section we will show 
that when 0 ^ 7 < 1, under the additional assumption of a bounded exponential moment, 
one can obtain a far better functional inequality between D{c) and H{c\Q), extending 
the result given by Jabin and Neithammer. 

The key idea in this section is to avoid using the interpolation inequality (3.17) and 
replace it with one that involved an exponential weight. 


Proposition 3.10. Let f be a non-negative sequence and let 0 ^ j < 1. Assume that 
there exists p G (0,41og2) such that 


Then, 

(3.22) 


i=l 


M,{f) ^ 


M,{f) 


2 



VeMiif) 


1-7 


where Ma{f) denotes the a—moment of f. 


Proof. For simplicity, we will use the notation of Mi and M®^p instead of Mi(/) and 
We start with the simple inequality 


(3.23) 


OO N OO 

i=l i=l i=N+l 




2 e- 


M(iV+l) 

2 


pie 


^exp 

V 


) 


VA^ e M 


where we used the fact that sup2,^o xe~^^ = ^ for any A > 0. Our goal will be to choose a 
particular N to plug in the inequality above to conclude the desired result. Again, using 
the supremum of g{x) = xe~^^, we conclude that 


Ml ^ — A/,fP. 
pe ^ 
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As yU < 4 log 2 we find that 


from which we conclude that N = 


see that e 2 ^ ^ ^ 


4M,fP 

M,<^ 

jj,e 

4^\ 

fieMi J 


!log 


^ 1. Plugging this N into (3.23) we 


^ 2 

and the result follows. □ 

With this proposition at hand, we are prepared to show part (i) of Theorem 1.4. 

Proof of part (i) of Theorem l.f. Without loss of generality we may assume that p G 
(0,4log2). Introduce the sequence / = {/j} where 

2 


fi = Qi 


ClCj 


Q+i 


i > 1. 


Qi Y Qi+1, 

Following the same proof as presented in Lemma 3.5 we find that 


MfP(/)^2 ci + ;^,sup 


ai 


-] 


j Ctj+l/ 




Thus, using the simple fact that Ma{f) = Da{c), for any a > 0, together with Proposition 
3.10 and parts (i) and (hi) of Theorem 1.1 yield the desired functional inequality. □ 


4. Rate of Convergence to Equilibrium 

In this section we will use all the information we gathered so far to show the proof 
of Theorems 1.3 and part (ii) of Theorem 1.4, giving an explicit rate of convergence to 
equilibrium for the Becker-Doring equations. 

The convergence is an immediate consequence of Theorem 1.1 and part (i) of Theorem 
1.4, yet we provide a proof here for the sake of completion and to show that we can find 
all the constants explicitly. 


Proof of Theorem 1.3. Due to Theorem 1.1 we conclude the following differential inequal¬ 
ity: 


(4.1) 




-m.m.{KH{c{t)\Q),e) 7 = 1 . 

min ^JPTr(c(t)|Q)^, ej 0 ^ 7 < 1, 

for appropriate K and e. We claim that there exists to ^ 0 such that for all t ^ to 

(4.2) J4(c(i)|S)«(f IQ 

Kf)'"-" 0 ^ 7 <l. 

Indeed, if H{c{t))\Q) is bigger then the appropriate constants in [0,t] then 

d 


ds 


R(c(s)|Q)^-e Vse(0,t), 


H{c{t)\Q) ^ H{c{0)\Q) - et. 
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implying that 













We define 


tn — 


min ^0, 
min 0, 




g(c(0)|Q)-(f)^ 


7 = 1 
0 ^ 7 < 1. 


and find that H{c{to)\Q) satisfies the appropriate inequality in (4.2). As H{c{t)\Q) is 
decreasing, we conclude that (4.2) is valid for any t ^ to. 

With this in hand, along with (4.1), we have that for all t ^ to'. 

'//(c(fo)|Q)e-^(*-*°) 

H{c{t)\Q) ^ ^ 


(H(c7o)|Q)H + ^i^(t-to) 


7 = 1 
0 ^ 7 < 1. 


As 


H{c{to)\Q) = 


mm 


(ffW 0 )|S) 7 ) 

mm (ff(c(O)la), 

and to is given explicitly we conclude that 

f^(c( 0 )|Q) 


C(//(c(0)|Q))= 


^pK 


H(a( 0 )\Q)- 


7 = 1 
0 ^ 7 < 1 , 

7 = l,fo = 0 
7 = l,fo > 0 
0 ^ 7 < 1, to = 0 


□ 


ff(c(0)|S) 

completing the proof. 

Proof of part (ii) of Theorem 1.4- This follows form part (i) of Theorem 1.4 by the same 
methods used in the above proof and the fact that 

sup M';fP(c(t)) < +00 
tyo 

for some 0 < p' < p (a known result from [17]). □ 

5. Consequences for General Coagulation and Fragmentation Models 

The Becker-Doring equations (1.1) are derived under the assumption that the only 
relevant reactions taking place are those between monomers and clusters of any size. One 
can obtain a more general model by taking into account reactions between clusters of any 
size. Keeping the notation of the introduction, this means that we consider reactions of 
the type 

{*} + {i} ^ + j} 

for any positive integer sizes i and j. We assume their coagulation rate (i.e., the reaction 
from left to right) is determined by a coefficient we call Oij, and their fragmentation 
rate (the reaction from right to left) by a coefficient called bij. These coefficients are 
always assumed to be nonnegative (as before) and symmetric in i,j (that is, Oij = 
and bij = bj^i for all z, j). The corresponding to eq. (1.1) is then 

(5.1) 4:c,:(t) = i T Wi,..,(t) - T WiJt), i e K. 




dt 


1=1 


1=1 


Wij{t) '.= Oij Ci{t)cj{t) - bij Ci+j{t) 
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where 

(5.2) 


i € N. 









The system (1.1) is then a particular case of (5.1) obtained by choosing Oij, bij as 

(5.3) tti^j = bij = 0 when min{i, j} ^ 2, 

(5.4) ai 4 := 2ai, = a, for i 2, 

(5.5) := 262 , = k+i for i ^ 2. 

The mathematical theory of this full system is much less complete than that of (1.1). 
Well-posedness of mass-conserving solutions has been studied in [2], and there are a 
number of works on asymptotic behaviour, for instance [12, 11, 8 , 9], but it is still not 
fully understood. To start with, it is unclear whether equilibria of (5.1) are unique or 
not (when they exist). A common physical condition imposed on the coefficients aij, bij 
which avoids this problem is that of detailed balance: we say it holds when there exists a 
sequence of strictly positive numbers such that 

(5.6) aijQiQj = bijQi+j foranyf,j, 

where we always further assume without loss of generality that Qi = 1. This is the 
analogue of (1.4), but in this case it needs to be imposed as a condition since numbers Qi 
satisfying (5.6) cannot always be found (unlike in the Becker-Doring case). If we assume 

(5.6) then equilibria (5.1) exist and have the same form (1.5) as in the Becker-Doring 
case, and a similar phase transition in the long-time behaviour has been rigorously proved 
in some cases (see [12, 11, 8 , 9] for more details). However, even with detailed balance the 
long-time behaviour is in general not understood except in particular cases. If clusters 
larger than a given size N do not react among themselves (that is, if atj = bij = 0 
whenever min{i, j} > N) the system is known as the generalised Becker-Doring system, 
and has been studied in [14, 8 ]. For coefficients Uij given by 

(5.7) Oij = Df -f Df for any i,j, 

with ^ 0 ^ 7 and 'j + g ^ 1, the asymptotic behaviour was identified in [9] and a 
constructive (though probably far from optimal) rate of convergence to equilibrium was 
given. Very little is known about the asymptotic behaviour for coefficients of the type 

(5.7) with 7,77 > 0 and 74 - 7 ^ 1 . In this case the size of is larger than that of 
and the system (5.1) may be behave quite differently from (1.1). 

The purpose of this section is to clarify whether any of the functional inequalities 
investigated in this paper can shed new light on the behaviour of solutions to (5.1). 
Assuming the detailed balance condition (5.6), along a solution c{t) = {ci{t)}i^i to (5.1) 
we have 


(5.8) = -Dcf(c(()) 


o^ijQiQj 


*7=1 




^ ^ (^iQi 


2=1 


CiCj 

QiQj 

CiCi 

Qi 


A+j 


Q 


i+j 


D+i A 

Qi+l J 


log 
log 


DCj 1 Ci^j 


- log- 


QiQj Qi+j 

1 _ Q+l ^ 


^ ^Og D{c{t)) ^0 


(see [9] for a rigorous proof) where ai are dehned by (5.4) for any z ^ 1. Hence the free 
energy is also a Lyapunov functional for (5.1), and it dissipates at a faster rate than 
for the Becker-Doring equations (since more types of reactions are allowed). As such, 
it is reasonable to think that the inequalities from Section 3 can be useful also in this 
case. This turns out to be true, and some improvements can be made on existing results. 
However, it also turns out that our results are not able to extend the range of possible 
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coefficients for which convergence to a particular subcritical equilibrium can be proved; 
we cannot give any new results for coefficients such as (5.7) with 7,77 > 0 and 7 + 7 ^ 1. 

One of the main obstacles in applying our results to equation (5.1) is that, unlike 
for the Becker-Doring equations, the moments of solutions to the general coagulation 
and fragmentation system are not known to be bounded. One can for example say the 
following about integer moments (this result can easily be extended to non-integer powers 
by interpolation, and was known from the early works in the topic [12, 11]). From this 
point onward we will assume that 

(5.9) aij = Pf + iV for i, j e N, 

with 7^7 and 0 ^A:= 7 - 1 - 77 ^ 1 . 


Lemma 5.1. Let /c G N and let c = c{t) = {ci(t)}jgf^ he a solution with mass q to the 
coagulation and fragmentation system (5.1) with coefficients satisfying (5.9). Then 


(5.10) 




k — 1 

(Mfc(c( 0 )) + ief ( 2 ^= - 2 ) “ 

Mfc(c(0)) exp (2 ( 2 ^ - 2 ) gt) 


if 0 < A < 1 

zf A = 1 


where Mp{c{t)) := '^^Ci{t) for any p ^ 0, t ^ 0. 


Proof. We give a formal proof for completeness; a rigorous one can be obtained by stan¬ 
dard approximation methods, and can be found in [2]. To simplify the notation and 
since c{t) is fixed, we denote Mj{t) = Mj{c{t)) for any j ^ 1, t ^ 0. One can check 
the following weak formula for the integral of the right hand side of (5.1) against a test 
sequence {</>(*) 

00 / - 2—1 00 \ -.CO 

i=l \ 7=1 7=1 / i,7 

Applying this to (f){i) := i^, neglecting the negative contribution of the fragmentation 
terms and using the binomial formula one obtains 

—A4(f) Mi+-y{t)Mk-i+,{t) Vf ^ 0. 

1=1 ^ 2 


Next, we use the interpolation 

Ms{t) ^ Mj^(f)M^^(t) 


where 1 < 6 < k, to find that 


k—X fc+A—2 

Mi+^{t)Mk-i+r,{t) ^ Mi{t)^Mk{t)^^. 


Thus, 

^ ^^ fc-|-A — 2 

—Mfc(f) ^ { 2 '^ - 2) g—^M,^ (f) Vf ^ 0 

and the result follows from this differential inequality. 


□ 


With the above at hand, we are now able to use the theory developed in the previous 
sections for the Becker-Doring equations in order to conclude a rate of convergence to 
equilibrium in the general setting of coagulation and fragmentation equations. Our main 
theorem is the following: 
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Theorem 5.2 (Asymptotic behaviour of the coagulation-fragmentation system). Let 
jeN ’ coagulation and fragmentation coefficients for eguation (5.1), 

and assume that the detailed balance condition (5.6) holds. Assume that 

(5.11) = 

for some 0 ^ 7 < 1 and that satisfies Hypothesis 2. Assume in addition that 

Mfc(c(0)) < -foo for some k ^ N, k > 1. Then 

(5.12) Hidm) ^ -1-J3- 

(Cl -h C2logf)i-^ 

where Ci,C2 > 0 are constants depending only on H{c{0)\Q), Zg, g, , k,'j and 

Mfc(c(0)). 

Proof. Assume for the moment that 0*^ is of the form (5.7), in order to see why the proof 
only works for coefficients of the form (5.11). 

Fix 5 > 0 such that 0 < 6 <z < Zg — 6. We use the observation (5.8) that DcF{c{t)) ^ 
D{c{t)) at all times f ^ 0 (dehning {aj}jgN by (5.4)). Using Theorem 1.1 (actually, its 
more detailed forms in equation (3.18) and Proposition 3.8) we obtain the following: 

-f^H{c{t)\Q) = -DcAc{t)) < -D{c{t)) 

-CMk{c{t)y^^H{c{t)\Q)^ 

-CMfc(c(f))^ 

^ -CoMk{c{t)y^H{c{t)\Q)‘^ 
for some constant Cq > 0 that depends also on H{c{0)\Q). Using Lemma 5.1 this implies 

Li/(c(()|S)s:--33ff(c(()|S)fe? 00. 

(a4(c(0)) + 17(2* - 2)e^t) ■-" 

This implies decay of H{c{t)) only when A = 7, that is, when rj = 0 (since A = 7 + 7). 
Solving the differential inequality yields the result. □ 

Remark 5.3. The same decay rate was obtained in [9] by means of the particular case of 
inequality (1.21) for A; = 2 — 7. Here we obtain slightly different decay rates by assuming 
higher moments of the initial data c(0) are hnite, but the method does not seem to give 
a better decay than a power of log t in any case. 

6. Final Remarks. 

In this hnal section we gather a few remarks and open problems associated to this 
paper: 

The assumption that ci(t) is in the ’good’ region given by (1.18) is not so far¬ 
fetched. Indeed, as long as we know that the energy decreases in some given way, we can 
apply the following Csiszar-Kullback inequality, (1.15), 

CX) 

\ci{t) - Qi\ ^ y2QH{c{t)\Q) 

i=l 

and obtain that if i7(c(fo)|Q) is small enough then for any t > to 

z- H (c(fo) \Q) ^ Cl (f) ^ z -h H{c{to) I Q) . 
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if 5 < ci(t) < Zs — S 
if ci(t) < (5 or ci(t) Zg — 5. 





The hypothesis on the form of stated in Hypothesis 2, was used explicitly 

in our work in order to obtain very quantitative estimations on the constants appearing 
in our theorems. As one can see from the proofs, this hypothesis can be relaxed - but the 
price one must pay is losing that quantihed estimate. 

Considering the rate of convergence to equilibrium when 7 < 1, one may 

wonder if, at least for initial data close enough to equilibrium, the rate of convergence 
to equilibrium in the case when Oj = C with 7 < 1 can be improved to an exponen¬ 
tial. Recently, Murray and Pego investigated this rate of convergence only to conclude 
an algebraic form of decay (see [18]). It would be interesting to verify the optimality 
of this result by determining whether the linearised operator for the equations admits a 
spectral gap in spaces with polynomial weights (in spaces with exponential weights, 
the answer is positive and an estimate of the spectral gap can be found in [10]). The 
authors believe that no such spectral gap exists for 0 ^ 7 < 1 , i.e. the algebraic rate of 
convergence is optimal even for close to equilibrium initial data. 

Consider the general coagulation and fragmentation equations presented in 
Section 5. It seems to the authors that the method used is too crude and is far from 
optimal. We suspect that the inequality obtained in Theorem 5.2 can be improved to 
deal with the case 

ai,j = 

and the resulting convergence rate will depend on A = 7 -|- 7 . 

The authors are curious to see if some of the aforementioned problems can be addressed 
with the help of the presented work, and are eager to see possible new functional inequal¬ 
ities arising in connection to the Becker-Doring equations, or more general coagulation 
and fragmentations models. 


Appendix A. Additional Computations for the Theory of the Discrete 

Log-Sobolev With Weights Inequality 

We have collected here technical Lemmas from Subsection 2 that we felt would have 
encumbered the flow of it. 


Lemma A.l. For any sequence f, we have 


Entpf) ^ C{f) ^ Entpf) + 2 gJl 

i=l 


Proof. From the dehnition of C the inequality 

Entpf) ^ C{f) 


it trivial. We thus consider the right hand side inequality. For a given sequence / and 
any a G M we dehne 


00 

Ga{t) = {ifi + log 

i=l 


f jtfi + ^ 

VE.=ih.(t/. + «)V 


= 2 ^ /i* {tfi + a)^ log \tfi + a 

i=l 


hi (ifi + j 
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log ( hi {tfi + ay 


. i=l 


5 



and notice that 


Next, we define g(t) = Go{t) + 2t^ l^ifi notice that the ineqnality we want to 
prove is equivalent to 

<?(!). 

for any a G M. Clearly Ga{t) ^ g{t) when t = 0. Differentiating G we find that 


2 = 1 


1^-^* + “I {tfi + a) + 2 ^ Hifi {tfi + a) 

2=1 

/ oo \ / oo 

-21^ gifi {tfi + a) I log I ^ Pi {tfi + a)M - 2 ^ gji {tfi + 


a) 


. 2=1 


. 2 = 1 


2 = 1 
OO 


4 gifi {tfi + a) log \tfi + a| - 2 ^ pi/i {tfi + a) log ^ pi {tfi + 


a) 


2 = 1 


. 2=1 


. 2 = 1 


which satisfies Gq(0 ) = 0 for any / and a, implying that Gq(0 ) = p'(0) = 0. As G is 
defined for any t G [0,1] we see that it is enough to show that when defined, 

G:{t) ^ g"{t) 


for any a. Indeed, 

OO OO OO 

G"akt) = 4 X] l^ifl log \tfi + a| + 4 ^ gifi - 2 ^ pi/^ log | ^ pi {tfi + 


a] 


2=1 


2=1 


2=1 


. 2=1 




(tfi + ay 


2 Y1 


{tfi + a) 


2=1 


E^i {tfi + oif 


+ 4 ^ gifi — 4 


(E^i t^ifi {tfi + o()y 


2 = 1 


h. {ty + ay 


As 


Ent^(/^) = sup < ^ gifi log hi ; ^ gihi = 1 


2 = 1 
2 


2=1 


we see that by choosing hi = ^ 


Gl(t) < 2 Ent„(/'^) + 4 X] = g"{t), 


2=1 


completing the proof. 

Lemma A.2. For all f E we have that 


□ 


(A.l) 

Proof. The inequality 


Li ^ WfWhl ^ V 2 


Li ^ WJWLl 
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is immediate as is a probability measure. To show the last inequality we may assume 
that ||/||r = 1. Due to Fatou’s Lemma we know that if kn —> k > 0 then 




1=1 


1=1 


implying that if ||/||^^ > 0 then 




\fi 


^ 1 . 


i =\ Y II J il 

In our case, since T(a;) is convex we hnd that 

CXD CXD / OO 

1 > s I- ^ I = I- 

i=l i=l \i=l 

As T is increasing and \k(1.5) > 1 we conclude that 


Li < 2’ 


yielding the desired result. 


□ 


11/ - {f)\\l2 = X lim Ent^ ((/ + af) 

^ Z |a|^oo 


Lemma A.3. Let f E Lq,. Then 
(A.2) 

Proof. We start by noticing that 

CX> 

Ent„ ((/ + af) = (fl + 2a/. + a^) log 


(1 + f)' 


i=l 




2 / ’ 


and continue by assuming that fi is uniformly bounded, from which the result will follow 
with an application of an appropriate convergence theorem. There exists oq such that if 
|a| > |ao| we have that I'yl < ^ uniformly in i. As on \—\, we have that there exists 
C > 0 such that 


log(l + x) — X + 


X 


^ Cx\ 


we conclude that 


log f 1 + 2^ + 4 




a 


= ( 2^ + 4 1 - 2^ + 

a 


ff Eq, 


O'’ 


_ 9^ _ •' 1. 

2 
a 


and 


,0gM+2<h + M"k 


M) I ML Mr I E,, 


a 




where E 2 ^i are uniformly bounded in i. This implies that 
Ent^ ((/ + a)^) = ^ /ij + 2 afi + a^) | 2 -— 2 


1=1 


a a 

OO 




h ^o (/)^ 




i=l 


^Y.n[l + 2h + L\(E,,-E,,). 
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The last term clearly goes to zero as |a| goes to infinity, so we are only left to deal with 
the first expression. 


5: ft (y + 2a/. + a^) I 2ti - 2 _ 4 _ Ihfi + 2 


i=l 


= 4 

2a{/) - 2a{/) - ||/||'i. - ||/||i. + 2(ff + ^2 

^ M d 






= 2 


(ii/iih - (fv) + 


E 3 

a 


This completes the proof as ||/ - (/)||i2 = 11/11^,2 - (/)^ 


□ 


Lemma A.4. Let f be a sequence such that /m = 0 for some m G N. Denote by 
^(0) ^ and /2} ^ Then 


( 0)1 


(A,3) 


(/‘“’>IIl. < |(/'°’>l < 11/ 


|(/‘")|lft « |(/“>)| < ||/“>| 


I OS 


m—1 




Mir 




\ 




i=m-\-l 

Proof. We start by noticing that for any constant sequence f = a one have 


(y. T — 
I 11 




\Oi\ 


^ |a| , 


$- 1 ( 1 ) 

as long as $(1) < 1 which is valid in our case. Next we notice that 

m—1 

|(/^°^)| ^ \fi\ ^ 


2=1 


m—1 




\ i=l \ i=l 


m—1 


Es‘. = ll/‘“'' 


os 


m—1 

E 


\tr 


/^2 • 


This yields the first inequality and similar arguments yield the second inequality. □ 

Remark A.5. As was shown in the proof of Lemma A.4 one can actually improve the 
bounds in (A.3) by a factor of 4/-i(l). 

Lemma A.6. For any t ^ | one has that 


(A.4) 

3 logf 

Proof. We start by noticing that 


If 1 , , t 

^ ^~\t) ^ 2 


logf 


$ 


1 t 


1 t 


3 log f / 3 log t 


log 1 + 


1 t 


< 


1 t 


3 log f / 3 log t 




log 1 + 


log (f) 


1 + t^p 
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Thus, one notices that if 























when t ^ |) we have that \I/ ^ i, yielding the left hand side of (A.4). This is 

indeed the case as g(t) = — t — 1 is increasing on ooj and g (|) > 0. 


For the converse we notice that 

t 


d' 2 


logf 


= 2 


logt 


log (l 




\ogt 


> t 


if and only if 


1 + 2 


logt 


^ Vi. 


Considering the function g{x) = for x > 1 we see that it obtains a minimum at 


X = e. Thus, for any x > 1 g{x) ^ e > 1. We conclude that for t > 


logt 


= Vig{Vi) ^ Vi, 


showing the desired result. 


□ 


Appendix B. Additional Useful Computations 

Lemma B.l. For a given coagulation and detailed balance coefficients, 
and a given positive sequence c with finite mass g, we have that for any z > 0 

H{c\Q) ^ H{c\Q,), 

where Q = Qz- 
Proof. We have that 

//(ci s.) = f; c+iog -1) + f; 

implying that 

OO ^ \ CXD 

H{c\Qz,) - Hic\Qzfi = Y,^c,logl^]+J2Q^ {4 - 4 • 

i=i V + / 

In particular, if 2:2 = ^ we have that for any 2; > 0 

( _x CXD 

OO / _\ CXD / 

= H{c\Q) + J^zg.^Uog f 1 - 

= W(c|S) + ^Qiz'A 

i=l ^ * / 

where A(x) = xlogx — x + 1 > 0 when x > 0. This completes the proof. □ 
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Lemma B.2. Let {Qjjjgpj be a non-negative sequence such that linij^oo 
some r > 0. Assume that 0 < x < ri < r. Then 


= i for 


iQiX^ ^ ^ CQ 

i=io+l 


rp^O 
* 0 '*' ) 


where C is a constant depending only on and ri. 

Qi-\- 

Qi 


Proof. Define (3i = . We have that linij^oo A = -, and as such we fan hnd I G N such 


that for alH > / 


Ai = sup fti < —, 

i>l Ti 


Denote A 2 = sup^^; fdi. As for any i > io 


i—1 


Q^=\\{f^j] Qw 


we see that 


2—1 


^ iQiX^ ^ ^ M n 


X 


W=*o 


i-io-l 


l—io 


A2^f(A2ri)^+Ai ^ iiAiriY 


i=io+l 


1=10+1 \j=io 


j=0 


j=l+l-io 


^ Qi^x^° I ^2 X] i (A2ri)^ + Ai ^ j (Airi)^ , 

V j=o j=o 

completing the proof as /,Ai and A 2 depend solely on 
Lemma B.3. Let e > 0 and 7 > 0. Denote by 




^£,7 


2=1 




□ 


Then is of order 1 when e goes to zero. 

Proof. We start by noticing that the function ge,'y{x) = x'^e~^^ is increasing in [O, and 
decreasing in [^,cx)). As such 


B, 


£,7 


00 


+1 




x'^e dx 




showing the lower bound. For the upper bound we notice that 


00 

Ben < sup^|,^(x) V 

x^O ^ 

1=1 


e-2* = 


27 


.- 7 . 


e 2 


1 — e 2 


which completes the proof since sup^^g 


ee 2 

1 — e 2 
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< +CX3. 


□ 






References 


[1] J. M. Ball and J. Carr. Asymptotic behaviour of solutions to the Becker-Doring equations for 
arbitrary initial data. Proc. Roy. Soc. Edinburgh Sect. A, 108:109-116, 1988. 

[2] J. M. Ball and J. Carr. The discrete coagulation-fragmentation equations: Existence, uniqueness, 
and density conservation. Journal of Statistical Physics, 61(l):203-234, October 1990. 

[3] J. M. Ball, J. Carr, and O. Penrose. The Becker-Doring cluster equations: Basic properties and 
asymptotic behaviour of solutions. Communications in Mathematical Physics, 104(4):657-692, De¬ 
cember 1986. 

[4] F. Barthe and C. Roberto. Sobolev inequalities for probability measures on the real line. Studia 
Math., (159):481-497, 2003. 

[5] R. Becker and W. Doring. Kinetische Behandlung der Keimbildung in iibersattigten Dampfen. Ann. 
Phys., 416(8):719-752, 1935. 

[6] S. G. Bobkov and F. Gotze. Exponential integrability and transportation cost related to logarithmic 
Sobolev inequalities. Journal of Functional Analysis, 163(l):l-28, April 1999. 

[7] J. J. Burton. Nucleation theory. In Bruce J. Berne, editor. Statistical Mechanics Part A: Equilibrium 
techniques, chapter 6, pages 195-234. Plenum Press, 1977. 

[8] J. A. Cahizo. Asymptotic behavior of the generalized Becker-Doring equations for general ini¬ 
tial data. Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences, 
461(2064):3731-3745, December 2005. 

[9] J. A. Canizo. Convergence to equilibrium for the discrete Coagulation-Fragmentation equations with 
detailed balance. Journal of Statistical Physics, 129(l):l-26, October 2007. 

[10] J. A. Canizo and B. Lods. Exponential convergence to equilibrium for subcritical solutions of the 
Becker-Doring equations. J. Differential Equations, (255):905-950, 2013. 

[11] J. Carr and F. Costa. Asymptotic behavior of solutions to the coagulation-fragmentation equations. 
II. Weak fragmentation. Journal of Statistical Physics, 77(I):89-123, October 1994. 

[12] J. Carr and F. P. Costa. Asymptotic behaviour of solutions to the coagulation-fragmentation equa¬ 
tions. I. The strong fragmentation case. Proc. Roy. Soc. Edinburgh Sect. A, 121:231-244, 1992. 

[13] J. F. Collet, T. Goudon, F. Poupaud, and A. Vasseur. The Becker-Doring system and its Lifshitz- 
Slyozov limit. SIAM J. Appl. Math, 62:1488-1500, 2002. 

[14] F. P. Da Gosta. Asymptotic behaviour of low density solutions to the generalized Becker-Doring 
equations. NoDEA : Nonlinear Differential Equations and Applications, 5(l):23-37, January 1998. 

[15] Y. Farjoun and J. G. Neu. Exhaustion of nucleation in a closed system. Physical Review E, 
78(5):051402-h, November 2008. 

[16] Y. Farjoun and J. G. Neu. Aggregation according to classical kinetics: From nucleation to coarsening. 
Physical Review E, 83(5), May 2011. 

[17] P.-E. Jabin and B. Niethammer. On the rate of convergence to equilibrium in the Becker-Doring 
equations. J. Differential Equations, 191:518-543, 2003. 

[18] R. W. Murray and R. L. Pego. Polynomial decay to equilibrium for the Becker-Doring equations, 
September 2015. 

[19] J. C. Neu, L. L. Bonilla, and A. Carpio. Igniting homogeneous nucleation. Physical Review E, 
71(2):021601-f, February 2005. 

[20] J. C. Neu, J. A. Cahizo, and L. L. Bonilla. Three eras of micellization. Physical Review E, 
66(6):061406-f, 2002. 

[21] B. Niethammer. On the Evolution of Large Clusters in the Becker-Doring Model. Journal of Non¬ 
linear Science, 13(1):115-122, March 2008. 

[22] D. W. Oxtoby. Homogeneous nucleation: theory and experiment. Journal of Physics: Condensed 
Matter, 4(38):7627-7650, January 1999. 

[23] O. Penrose. Metastable states for the Becker-Doring cluster equations. Communications in Mathe¬ 
matical Physics, 124(4):515-541, December 1989. 

[24] O. Penrose. The Becker-Doring equations at large times and their connection with the LSW theory 
of coarsening. Journal of Statistical Physics, 89(l):305-320, October 1997. 

[25] O. Penrose and J. L. Lebowitz. Towards a rigorous molecular theory of metastability. In E. W. 
Montroll and Joel L. Lebowitz, editors. Fluctuation phenomena, volume 7 of Studies in Statistical 
Mechanics, chapter 5, pages 293-340. North-Holland Pub. Co., 1979. 

[26] O. S. Rothaus. Analytic inequalities, isoperimetric inequalities and logarithmic sobolev inequalities. 
Journal of functional analysis, 64(2):296-313, 1985. 


40 


[27] J. Schmelzer. Nucleation theory and applications, 2005. 

[28] J. J. L. Velazquez. The Becker-Doring equations and the Lifshitz-Slyozov theory of coarsening. 
Journal of Statistical Physics, 92(l):195-236, July 1998. 

[29] C. Villani, C. Mouhot, and L. Desvillettes. Celebrating Cercignani’s conjecture for the Boltzmann 
equation. Kinetic and Related Models, 4(l):277-294, January 2011. 

Jose A. Canizo, Departamento de Matematica Aplicada, Universidad de Granada, Av. 
Fuentenueva S/N, 18071 Granada, Spain 
E-mail address: canizo@ugr.es 

Amit Einav, Department of Pure Mathematics and Mathematical Statistics, Univer¬ 
sity OF Cambrigde, United Kingdom 
E-mail address: A.Einav@dpmms.cam.ac.uk 

Bertrand Lods, Dipartement of Economics and Statistics & Collegio Garlo Alberto, 
Universita degli Studi di Torino, Gorso Unione Sovietica, 218/bis, 10134 Torino, Italy 
E-mail address: bertrand.lods@unito.it 


41 


